Abstract. Let V p (λ) be the collection of all functions f defined in the unit disc D having a simple pole at z = p where 0 < p < 1 and analytic in D \ {p} with f (0) = 0 = f ′ (0)−1 and satisfying the differential inequality
Introduction
We shall use following notations throughout the discussion of this article. Let C be the whole complex plane, D := {z ∈ C : |z| < 1} and ∆ := {ζ ∈ C : |ζ| > 1} ∪ {∞}. Let A be the class of all analytic functions f defined in D with the normalization f (0) = 0 = f ′ (0) − 1 and S = {f ∈ A : f is univalent}. Each f ∈ S has the following Taylor expansion:
In the last century, the field of geometric function theory provided many interesting and fascinating facts. One of the main problem of this field was the Bieberbach conjecture which was proposed in the year 1916. This conjecture states that each f ∈ S with the expansion (1.1) must satisfy the inequality |a n (f )| ≤ n for all n ≥ 2. In the year 1985, L. de Branges [5] proved this conjecture. In order to settle the Bieberbach conjecture prior to the effort made by de Branges, many subclasses of S were introduced that are geometric in nature and the conjecture was being proved for these subclasses. Some of the special subclasses of S for which this conjecture was settled were the class of convex functions, starlike functions and close to convex functions.
In [1] , Aksentév proved a sufficient condition for the functions of the form
to be univalent in ∆. This condition enables many authors to consider the following class of functions:
It is well-known that each function in U(λ) is univalent and U(λ) S. For a detailed study of the class U(λ) one may go through the articles [6, 8, 9, 10] and references therein. In this note, we consider the meromorphic analogues of the classes A, S and U(λ). To this end, let A(p) be the class which is defined as the collection of functions in D having a simple pole at z = p where p ∈ (0, 1) and analytic in D \ {p} satisfying the normalization
, we established the following sufficient condition for functions in A(p) to be univalent:
Motivated by this sufficient condition stated in the above theorem, in [2] we considered the following subclass of Σ(p).
Interested reader may go through the articles [2] and [3] for many other interesting results for functions in the class U p (λ). We point out here that in [4] , we improve the sufficient condition in Theorem A for univalence with replacing the number
2 by 1 and subsequently the following class of functions V p (λ) was introduced:
In [4] , we proved that U p (λ) V p (λ) and discussed many other aspects of this class of functions. Let B be the class of functions w which are analytic in D and for z ∈ D, |w(z)| ≤ 1. In [4] , we proved the following integral representation formula for functions in V p (λ), i.e., each function in V p (λ) can be expressed as:
where w ∈ B. Since each f ∈ V p (λ) is analytic in the disc D p := {z : |z| < p}, therefore it has the Taylor expansion of the form (1.1) valid in D p . In [4, Theorem 5] , the authors of the present article established the exact region of variability of the second Taylor coefficients a 2 (f ), f ∈ V p (λ) which we state below:
and made the following conjecture about the exact bounds for the modulus of the n-th Taylor coefficients: Conjecture 1. If f ∈ V p (λ) for some 0 < λ ≤ 1 and has the expansion of the form
for n ≥ 3 and equality occurs in the above inequality for the following functions:
Remark. It is easy to check that as p → 1−, the inequality (1.3) gives the conjectured bound |a n (f )| ≤ n−1 k=0 λ k , n ≥ 3 for the class U(λ) (see [8] ) and for λ = 1 the above conjecture reduces to the Jenkin's theorem (compare [7] ) for the class Σ(p). Also by taking p → 1− and λ = 1 in (1.3), we will get the famous de Branges theorem for the class S (compare [5] ).
We organise this article as follows. First we prove a representation formula for functions in the class V p (λ). Next, with the help of this representation formula we prove the Conjecture 1 for n = 3, 4, 5 with certain range of values of p. Finally, we obtain non sharp bounds for |a n (f )|, n ≥ 3 and for |a n+1 (f ) − a n (f )/p|, n ≥ 2.
Main Results
We start this section with the following representation formula for functions in the class V p (λ):
where w ∈ B. Also every f ∈ V p (λ) can be expressed as
where u ∈ B and u(0) = 1 − λp.
where w 1 ∈ B. Since f (p) = ∞, the above equality yields
Now it is a simple exercise to see that |w(z)| ≤ 1 and w(p) = w 1 (p). Consequently (2.3) takes the following form:
where w ∈ B. This proves the representation formula (2.1). Next we see that
We now define Proof. Let each w ∈ B has the following Taylor expansion in D:
Now inserting the above expression for w and the series expansion (1.1) for f in the representation formula (2.1) we get,
Next comparing the coefficients of z n , n = 3, 4, 5 in the above equality we get
Now from [13] , we know that
Using these inequalities in (2.5) we have
Now h ′ (x) ≥ 0 for p ∈ (0, 1/2] and for 0 < λ ≤ 1. This shows that the function h is increasing in [0, 1] . Therefore,
and thus
Using this similar idea, now we prove the conjectured bound for |a 4 (f )| and |a 5 (f )| when p lies in the intervals stated in the theorem. If we use triangle inequality and the bounds for |c n |, n ≥ 1 in (2.6), we get
As before setting |c 0 | = x, we introduce the following function:
Since (−2λ 2 p 2 + λ 3 p 3 ) < 0 and (−λp − λ + λ 2 p) < 0, then we have
Now it is a simple exercise to check that (1 − 2p) > 0 and ( Remark. In [11] , the authors proved the following non sharp bound for |a n (f )|, n ≥ 3 for functions in the class U(λ):
We see that as p → 1−, the obtained bound (2.9) coincides with the above bound.
